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A Probabilistic Theory of the Coincidence Method. II. Non-centrosymmetric Space Groups
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A theory is given for non-centrosymmetric space groups which permits, for each specially related pair of
phases of type (@u, + 1, Pu,r, + 1:R,) the calculation of the expected value of a seminvariant cosine. In order
to make full use of the symmetry, the mathematical device of the joint probability distribution functions
has been suitably combined with the space-group algebra. The expected value of (py, +H, — PH,R, +HR,) 1S
given by means of two mathematical approaches. The first uses the Gram—Charlier expansion of the
characteristic function, the second calculates directly the Fourier transform of the exponential expression

of the characteristic function.

Introduction

In part I of this paper (Giacovazzo, 1977) a theory of
sign coincidences has been described valid in all the
centrosymmetric space groups. In order to estimate
the strength of the various coincidences, the mathem-
atical device of joint probability distribution functions
was used. In this section of the paper a general prob-
abilistic theory of phase coincidences in all non-
centrosymmetric space groups is described. In our
calculations atomic positions are the primitive random
variables while the reciprocal vectors are assumed to
be fixed. As in the centrosymmetric cases, the method
requires, for the estimation of non-vanishing cumulants,
the use of space-group algebra. Appendices A and B
will help the reader carry out this algebraic analysis.

The mathematical approach

The method requires the derivation of a variety of
conditional probability distributions. We denote by
P(A,A,...,An By, B,, ..., B,) the joint probability dis-
tribution function of » normalized structure factors;
A; and B; represent the real and imaginary parts,
respectively, of the ith factor. The characteristic func-
tion of the distribution is
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where u;,v;,j=1,...,n, are carrying variables associated
with 4; and B; respectively, ¢ is the number of inde-
pendent atoms in the unit cell,
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K,s...., are the cumulants of the distribution.
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The probability distribution is obtained by cal-
culating the Fourier transform of (1). After suitable
change of variables we obtain
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We will use two different methods to derive the prob-
ability densities. The first uses a Gram—Charlier ex-
pansion of (1), about which the reader will find
exhaustive information in earlier papers (Giacovazzo,
1974a,1976). The second method calculates (2) directly:
a general account is given in Appendix C.

Both methods involve a number of integral formulas
which we list for convenient reference (Watson, 1958):
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where I' represents the gamma-function and | F(x;y;2)
is the generalized hypergeometric function.
Furthermore, from elementary trigonometry

Y A, exp {ilo+b,)}=Yexp {ilp+&)}, (3d)

where Y and ¢ are determined by
Y=[} A,A,cos(b,—b,)]"?,

Yexp (i) =Z A, exp (ib,).

The probability distribution
P(Rl-!p RHza RH] +H2 RH]Rp +H2Rg? (PHI s PHyy
Puy + 12 Prpr, +H2Rg)
when the Gram—Charlier expansnon of the characteristic
function is used

As in the centrosymmetric space groups, let us study
the distribution P(Ey,, Ey,, Eu, +n; Enr,+n.r,) W€
introduce the abbreviations
El =R1 eXp i(D]_ =A1 + lBl =EH1
E,=R,expip,=...=Ey,;
E;=Rzexpip3=Ey, +n,;
Eis=R,expios=Eq,r,+H:R,-
From Appendices A and B we obtain

Syt = m {010203 cos (Y1 +¥,—¥3)
+010204 €08 [Y1 + ¥, — Y4 —2n(H; T, + H,T)) 1},

, 1
Sa/t? = {—Tslot + 05 +03+03)

+ 902 +03)0304 cos [Y3 — Y4 —2n(H, T, +H,T,)]}.
y (see Appendix B) is a number which depends on the
actual symmetry class and, for a given class, on the
actual operators C,=R,T,) and C,=(R,T,). For
example, in classes 2 m, 222 y is always 1 whatever p
and g may be. In mm2 y=2 for symmetry operations
corresponding to symmetry planes and y=1 for sym-
metry operations involving only rotation axes.
The estimation of (2) may be carried out by repeated
application of (3a), (3b) and (3¢). We obtain

P(Rla RZ,R33R4, (pla ¢2,(03,(04)

1
= —4R1R2R3R4 eXp(—Rf—R%—Rg—Ri)

{1+ VNR R R3 COS((P1 +(P2 (P3)

2N R,R,R,
X COS [q)l +P2—Qs— 27'l:(I_IITp'*' HZTq)]

1
+ N [+q+R2R3R} cos 2(p1 + @2 —3)]
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1
+ NR%R%R%
x cos 2[(@1 + @2 — @4 —21(H, T, +H,T,)]
+ 2 R?R3R;R,
X co8 [2¢01+20,— P3— @4 —27(H,T,+H,T,)]
2
+ N(I_R%)(l_R%)R3R4
x cos [¢3— @4 —21(H, T, + H,T,))]
+ L RyR4(R}+R3—2)

N x cos [@3— @4 —2n(H,T,+H,T))] + },
where
g=R}—1)(R3—1)(R3-1D)+(R} -1 (RE-1)(RI-1)

—YR*+R4+R3+R})+RI+RI+R5+R;-2.

Let us calculate the marginal probability density
P(Rla RZs R39R43 @3:‘/’4)

=J P(R{,R3,R3,R4,01,02,¢3,04)d@do,

4

=?R1R2R3R4exp(—R%—R%— —“Rﬁ){l'*'—g]_
1

+ & RaR,[201~ RY) (1~ R+ (R + RE—2)]

x cos [¢3—<p4—2n(HlTp+Hqu)]}. B

If we define
d=¢;—¢s—21H,T,+H,T),

the desired conditional distribution P(®|Ry,R,,R3,R4)
is obtained from (5) by fixing the values of Ry, R,,R3, R4
and renormalizing. By transforming (5) in exponential
form (Bertaut, 1960a,b; Karle 1972) we obtain finally

P(®|R{,R,,R3,R,) ~ exp(Gcos ®), (6)

2n I (G)
where
G=N"'R;R,[2(1—- RH(1-RYH+yR3I+R3-2)]. (7

There is no problem in calculating from (6) the following
functions (Hauptman, 1972a):

{cos ®|G) = i gg; (8)

2
var[cos(PlG]:l——é;%—%, )
{sin ¢|G) =0, (10)
var [sin ¢|G] = Gl;ffc)) (11)

The expected value of cos @ is positive if G>0,
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negative if G<O0: large values of Ry,+n,Ru,r,+H.R,
strengthen the sign indication.

Probabilistic considerations on
(De =Q0H,+H,
As shown in part I of this paper, given a specially
related pair of phases (s.r.p.p. from now on) with
indices U=H;+H, and V=H,;R,+H;,R,, several
pairs (H;,H,) may be found each capable of giving an
estimate of ®=¢y—¢y—27(H,T,+H,T,). As the
value of H,T,+H,T,, with fixed R, and R, is a func-
tion of the actual pair (H,H,), it is useful to obtain,
instead of @, an estimate of @,=¢@y— @v. From (5) we
derive

P(¢e) =

— ®HyR,+H2R,

exp {G cos [®,—2n(H,T,+H,T,)]},

2711 o(G) I o(G) (12)
_ 1,(G)
{cos @) =cos 2n(H,T,+H,T,) 1_(1)(?;") (13)
var [cos ] =%+ I}— éll(?G))] cos 4n(H; T,+H,T,)
 13(G) | IXG)
-3 2G) ~ I%(G) cos4n(H,T,+H,T,),
(sin @) =sin 2n(H, T, +H,T,) T Eg;
var [sin @,]=3— l:% -~ GI—;(%:I cos4n(H;T,+H,T,)
3G) | IXG)

-3 12C) +3 5 120) cos 4n(H;T,+H,T,).
The value of (H,T,+H,T,) plays a critical role in
assigning the average and the variance values. In
particular, we emphasize that the variance of cos @, is
not always smaller than that of sin @,. For example, if
H,T,+H,T,=(2n+1)/4, it turns out that

{cos ®,>=0,
$sin @,.> = +1,(G)/1,(G),
var [cos @] = é;((fc);),
L) G
var [sin @, ]=1— G;O(G) - I?l)(G)'

- As we see, the variance of the cosine in this case is
larger than that of the sine.
We note now that

I¥(G)

var [cos @, |+ var [sin @, |=1— s

which is a quantity that does not vary with the sym-
metry operations and depends on the value of |G| alone.
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This suggests that the value of @, should be more
precisely determined the larger is |G|. In accordance
with this conclusion let us show that the variance of
@, does not depend on the actual value of
2rn(H,T,+H,T,) but on |G| alone. From

1

(Pe) = 2114(G)

|
we obtain, if G>0,
(@.>=2nH,T,+H,T,);

@, exp {Gcos [P, —2n(H,T,+H,T,)]}dP,,

(14a)
if G <O,

(P >=n+2nH,;T,+H,T,). (14b)
In view of (14b), when G is negative the variance equals

1
(@D (8= 5

—[n+2=H,T,+H,T,)]>.
After the change of variable &, = —27(H;T,+ H,T,)=
¥ + 7, the above expression becomes

1 " 2
T()(G)J_, ®Z exp (|G| cos @,)dP,,

which is the variance expression when G > 0. As is well
known (Karle & Karle, 1966), (15) leads to

2 ©
var= 5+ 110005 | 220 |

n

@2 exp { — |G| cos [®,—2n(H, T, +H,T,)]}d®,

(15)

Oz:[lln+1(|G|)]
_ -10n
The infinite series converges quite rapidly for the values
of G usually encountered in practice.

(14) is a fundamental result of the present paper. It
proves that the condition

{Po~m (16)

can exist for symmorphic space groups. The ability to
obtain such results in these space groups is one of the
characteristics which distinguishes this theory from
that of Debaerdemacker & Woolfson (1972).

Comparison with a central-limit-theorem approach

A formal theory of coincidence phase relationships
hasalready been given by Debaerdemacker & Woolfson
(1972). In our notation, these authors made direct use
of the probability distributions

P((Pl-llﬂlz)2 [2“10(141)] !

X €Xp [Al Ccos ((PHl +(pﬂz_ (17)

PH, +H2)] s
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P(@n,r, +1.-,) = [2n1o(A2)] ™! exp {4, cos [¢n,
+ Qu, — Pu,r, +u,r, — 20(H T+ H,T,)]}, (18)
where
A4, =2RH1RH2RH,+H2/‘/N’

A, =2R“1RH2RH,RP+H2R.,/VN’

in order to calculate the probability distribution of @,.

On the assumption that P,(@u,+u,|®u.Pu, Ru,s
Ru,, Ry, +n,) and PZ((pH1Rp+H2qu(pH1’ ®u, Ru,s Ruy
Ry,r,+n,r,) are statistically independent of one an-
other, Debaerdemaeker & Woolfson (1972) obtained
the relevant result

Py, 4(Pe) =f Pl((Plll+H2)P2(¢H1+Hz_¢e)d(pﬂl+H2

=[2nlo(A)o(A2)] ' 1o({A] +243
+2A1A2 COS [<P8~—27t(H1Tp+H2Tq)]}”2). (19)
From a formal point of view, (12), (17) and (18) are von
Mises distributions but (19) is not. In order to compare
(19) with our (12) we approximate (19) by a suitable
von Mises distribution.

As is well known (Stephens, 1963), (17) and (18)
may be approximated by wrapped normal distribu-
tions of type

P(p) = (1+2ZQ'2 cos r(p)/Zn,
1r

(20)

where g =exp (—302). In (20) o2 assumes the values o2
and o respectively, defined by

exp(—0ai/2)=1(4,)/Io(Ay),
eXp ("0%/2)=11(A2)/10(A2)-

In view of the additive property of the wrapped normal
distributions, the convolution of these two distribu-
tions is again a wra?ped normal distribution with
parameter o3 =02 + 03, which in turn may be approx-
imated by a von Mises distribution. Then a satis-
factory approximation of (19) is

P(®,)=[2nIo(G)] "
xexp {G' cos [@,—2n(H,T,+H,T)]} (21)
where G’ is the solution of

1,(G) _ Ij(4)) Ii(4)
IO(G’) IO(A 1) IO(AZ) '

As A, and A, are always positive, G' is always positive,
whereas our G in (12) may in principle be negative.
In conclusion, (12) and (19) suggest a different use of
the information contained in the small Ry, and Ry,
values. The postulate of statistical independence
between (17) and (18) assumed in Debaerdemaeker &
Woolfson’s (1972) theory leads to a formula [i.e. (19)
or (21)] which is not able in symmorphic space groups
to indicate s.r.p.p.’s for which (®,»>#0. On the other
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hand, in the theory developed here the contribution of
weak reflexions H; and H, is ‘opposite’ to that of the
strong reflexions having the same parity. In practice,
the presence of a large percentage of weak reflexions
H, and H, should lead to values of (®,) and of the
variance remarkably different from those obtained by
the use of the strongest reflexions alone.

The distribution
P(RHpRHpRHl +H2’RH1RP+H2RQ’RH1 +K|9RH2 —-Kj19°*°9
(pHp(pHp(pﬂl +H2 (anpnhn ’(Pnl +K|9(sz -K19°* )

when K;(R,—R,)=

The study of this distribution is suggested by the
algebraic evidence that several pairs of normalized
structure factors with indices (H;+K,;, H,—K,),
(H; +K,, H, —K,), ..., may contribute to defining the
expectation value of @y, +n, — @u,r, +u,r,: the funda-
mental condition for each K; vector is K{R,—R,)=0.

We emphasize here only the terms of the probability
distribution function which are the most significant
for defining <&, and var (®,). The reader will surely
be able to derive all the distribution terms up to order
N~! from the more complete analysis presented in
paper I. Under these limitations and when n pairs
(H, +K;, H,—K;) are involved in the distribution we
obtain

P(Ru,s s Pu,-k,)
o~ #Rm+H2RH1R,,+H2R4RH1+K1---RH2—K,.
xexp [—Ra, —R&,—...—Ri,-x,]
X {1 + Vzﬁzjz [Ru, +k;Ru,-x;Ru, +n,
X COs (¢H1+K,-+(Pnz—x,~_§0nl+nz)]
+ V2N ; [Ru, +x;Ru,-x;Ru,R, +u:R,

X cos (@y, +Kj+(pHZ-Kj_(pH1Rp+H2Rq—Aj)] +...

1
+ N“Rnl +H2Rn,np+nznq Z [2(1 - Rlzll +|(,»)(1 _Rlzlz—l(j)
J

+Y(Rf, +x,+ Rf,-x,—2)] cos (¢.— 4 j)}, (22)
where 4,=2n[(H, +K)T,+(H, - KT,].
From (22) we obtain
P(ée | RHp Rﬂza .. "RH1 + Ko RHz—K,.)
exp [ G;cos (P, —4))]
= . (23)

J exp {Z G;cos (P, —4;)}dd,
J

-n

where

Gj=N— IRH, +H2RH1RP+H2Rq[2(1 _Rlz-h +K,-)(1 —Rl‘zlz—Kj)
+‘y(Rl?l1+Kj+R‘2‘lz—Kj_2)]‘
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On substituting
Y Gjcos 4;=Acos 0
7

Y G;sin 4;=Asin6,
j

(23) becomes

P(®,|...)~[2rIy(A)] ' cxp [A cos (3,4 —0)], (24)
where
A=[(}. Gjcos 4>+ (3 G;sin 4)*]'%,  (25)
j J
Z G;sin 4;
tan 0 = W (26)

(24) has a maximum when ®,=0, and the larger the
value of A, the higher this maximum will be. The
variance of <I> for a fixed set of G; factors is given by

var [@,] = = +[1o(4)]” Z Iz"(A

—4[10(14)] 12 I2n+ 1(A)

onr 1 2D

We note explicitly that (24) is formally different from
(12). The value of A4 in (24), in fact, is assumed always
positive whereas G in (12) may be positive or negative.
The two equations nevertheless, give equivalent results
when n=1. In this case, in fact, 0 =2n(H,T,+H,T,)) if
G>0; 0=n+27(H,T,+H,T)) if G<0. (26) and (27)
are basic results of the present paper.

Cosine and sine expected values

From (24) we obtain the expected values of cos &, and
sin @, for a fixed value of A4:

{cos D, > = ;;Ejg cos 0,
. _Li(4) .
{sin@,) = I:,(A) sin 0

The variance values are:

e (e

_ A;((ﬂ) cos 26,
i (st

+— ALo(A) f)(/)l) c0s 201

If A4 is large enough the expected values of cos @, and
sin @, are very close to cos 8 and sin 0 respectively. As
in these conditions small variance values occur, 8
should be a reliable estimate of @,.

AC 33A-2
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A comparison with the cosine seminvariant method

Formulae for linear combinations of two phases
which are structure seminvariants have been derived
in some space groups by Hauptman (1972b) by means
of an algebraic approach. The derivation was presented
in the space group P2 and useful formulae were fixed
in P2, and P2,2,2,. In this paragraph we show that
our theory is able to generalize Hauptman’s results
and gives them a new probabilistic interpretation.

In order to facilitate comparison with Hauptman’s
formulation, let us assume, without any loss of gener-
ality, that Ey, + g, and Eg,g,, +u,r, are centrosymmetric
reflexions. From (4) we derive the marginal conditional
density

P(Rl'll +K1,-"’RH2—K.‘|EH1 +H2’EH1RP+H2Rq)
:22"RH1+|(‘---RH2—K,. exp (_Rlzll +Ky
X {1 +ZGJ{_ 1)2[(H1 +K,~)T,,+(Hz—x,)'r,,]}
J

- Rl?lz —K")

from which the mean value of the quantity
(1= Ri, 1) (1= R, i) (— )0+ KT (k)

is derived:

N
FH1+H2EHRPGIIZR,, 7<(1"RH14K,)(1 Rlzlz—x,-)

( )2[(H1 +Kj)TP+(H2"Kj)Tq]>' (28)
In order to describe a practical application of (28) let
us consider in space group P2,2,2, the case in which
R,=1,

—O

0
0.
001

Because of trivial algebraic considerations, the parities
of the reciprocal vectors involved in (28) are so fixed:
(a) I_Il +HZE(hlak150)s Hl +H2Rq=(h23k270),
where h;t+h, and k, +k, are even. The condition
[=0 is fixed by the chosen centrosymmetric nature of
the s..p.p. (Eq, + 0y En, +1:R,)5

O'—‘l

Rq

) H, 4K, = (hl-ghz’ krzl-kz’ 1),
H,-K;= <h1—2~h2’ k‘;kz, 1).

Then (28) reduces to
Ehlklthzkzo
N 1+ (hy +h2)/2 2
=5 (=1 (E@m, +n2y2 tey +kyy2il” 1)
X (|Ehy - k)2 (k1 = k)2 =10,

which coincides with (4.5) in Hauptman’s (1972b)
paper. One can show that all Hauptman’s formulae
may be derived in a similar way.
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Further remarks about Hauptman’sand our methods
could be useful. (1) Hauptman’s method, as well as
our approach, is able to take full advantage of the
space-group symmetry, but needs to know the algebraic
form of the structure factor. The derivation of the
phase information in any space group thus requires
an ad hoc mathematical treatment. Our approach
however involves the symmetry operators alone so that
the expected values of the seminvariant phases are
easily derivable whatever the space group. (2) Haupt-
man’s method obtains the value of {cos®,) by
averaging the quantity (in our notation)

2. (Ri, +k;— 1) (Ri,-k,— 1) cos 4;. (29
J
Our probabilistic approach advises us to average the
quantity
Y. G;cos 4;
J

of which (29) is a part. In fact, the mean value of the
term

Y WRE, +xk+Rf,-xk—2)cos 4;

does not vanish and its estimate may give a further
contribution to knowledge of cos @.. (3) Hauptman’s
formulae are formally able to give the exact value of
the seminvariant cosines when the structure consists
of N identical point atoms and when no rational
dependence of atomic coordinates occurs. A funda-
mental postulate is that the vector K ranges uni-
formly throughout reciprocal space on condition that
K(R,—R,)=0. However, all the computed averages
are of necessity only estimates of the true averages and
are based on the finite number of available diffraction
data. Our formulation, on the other hand, is able to
take account of the sampling effect and to provide
expected values of the seminvariant cosines as well as
the variance values.

A PROBABILISTIC THEORY OF THE COINCIDENCE METHOD. II

2
+ VN RHlRHZRHIR,, +H3R,

x c0S (¢n, + Pu, — Pu,r, +H:R, — 4)
2 -2
+ < [(1 _}')+ }}T(Rlz'h + Rlz'lz)]Rﬂl +H2RH1RP+H2Rq

N
X COS (Qy, +H, — PH,R, +HoRy — 1)}, (30)
where A =cos 2n(H, T, +H,T,).
P(®,|Ry,;...,Ru,r, +n,r,) is found by (30) by fixing
Ry, -..» Ru,r,+u,r,, integrating with respect to @y,
¢y, from0to Iran multiplying the result by a suitable
normalizing constant. Thus,

P(¢e I RH]’ [ '9RH1RP+H2Rq)

~ ZRLLIO(A) exp [2B cos (B.— 4)], (31)

where

2
A= VN Ry, Ru,[R&, +u, + R R, + v,

+ 2Ry, +n,Ru R, +H:R, €OS (P, — 4) vz,

B=—11v[<1—y)

-2
+ <}}T> (Ré, + Rlziz):| Ry, +u,Ru,Rr, +H:R,»

L= _ZOO Im <2RH1RH2RH1 +H2>

J/N

ZRH,RﬂzRH|Rp+HzRq .
x I, ( VN 1,(2B);

I, is the modified Bessel function of order m.
In the same way, the conditional expected value of
cos @, is found from (30):

2 I
<COS ¢e | RHn ""RHIRP+H2Rq> ~cos 4 _03.00

= (2RH1RH2RH1+H2

2IzH RH RH R, + H>R, )
I, (SR RR R ) (0B

The probabilistic theory of the seminvariant cosines
when the exponential form of the characteristic function
is used

Appendix C gives

P(RHpRHz,Rﬂl+HzaRH1R,,+HzRq7<DHp---9¢H1RP+H2RQ)
1
>~ FRHV"RHlRp*'HzRq
xexp {—(R&, + ...+ Ré,r, +n.r,)

2
+ W Ry, Ry, Ru, +n, €08 (@u, + ©u, — @n, +u,)

S <2RH1R%]2..1 +H2) I <2RH1RH§;,RP+HZRQ> I(2B)

We now calculate the probability density function
when several pairs of normalized structure factors with
indices (H,+K,, H,—K,), (H,+K,, H,-K;), ...
contribute to defining the expectation value of @,. Of
course, K(R,—R,) must be zero for each K; vector. If
n pairs of type (H, +K;, H, —K}) contribute to &,, we
obtain after lengthy calculations,

P((pelRHpRHpRHl+K1,RH1+K2s"~7RUaRV)
1 n
= gz {{lep 25cos @, -0}, 63

where
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U=H,+H,,

2
Aj= VN Ru, +x;Ru, -k, [RE+RY

+ 2RuRv COos (@e - AJ)] 1/2,

n 2 n 27]1/2
B=[<lszjcosAj) +(IZijsinAj)] ,

1 -2
Bj = N[(l —y)+ (%) (RI?I,+KJ~+RI2-12—K,-):| RURV7

V=H1RP+H2Rq,

= 2R Ry,-k,R
L= Im H; +K; 4 \H; - K, U)
—aom; ..... p < I/N

xI, (2RH1+KI;3:;2—K!RV>

I 2RH1+KnRH3-K,,.RU I 2RH1 +K,‘RH2—K,.RV
X1y I/N 4 I/N
XImiys .. +p2B)cos[md+vd,+...
+0d4,—(m+v+...+0)].

From (33) the conditional expected value of cos &, is

1 + ©
{cos D,|...>~ Z{—mm;,...,plm,v ,,,,, p} cos B, (34)
where
I — 2RH1+K|RH2—K1RU
mv,..., P m I/N

XIM(ZRH1+K11/1{132—K1RV>...

I 2Ry, +k,Ru,-k,Ru I 2Ry, +k,Ru, -k, Ry
e /N o /N
xIm+v+...+p+1(2B)COS[mAl+"'
+od,—(m+v+...+0)B].

(33) and (34) are the major results of this paper.

As further details would make this paper dull
reading, the practical use of (33) and (34) and their
connexions with (24) and (26) will be described in a
later paper.

Concluding remarks

A theory has been described which is capable of
deriving in each space group the expected value of the
seminvariant cosine CcoS(@w, +n,— @n,R,+HR,) 8iVEN
one or more pairs of magnitudes (Ry, +k; Ru,-k,), On
condition that K{R,—R,)=0. The final formulae are

AC 33A-2*
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derived by means of two different techniques: the first
uses a Gram—Charlier expansion of the characteristic
function, the second uses directly its exponential func-
tion. The mathematical approach seems quite general:
its application in the automatic procedures for phase
determination is made easier by the fact that the
method requires knowledge of only the symmetry
operators.

Coincidence information may be used in several
ways to improve and speed up the multisolution pro-
cedures of solving crystal structures. Debaerdemacker
& Woolfson (1972), Hauptman (1972¢) and Viterbo
(1974) suggested their usefulness in enlarging the
starting set or in reducing the number of ambiguities
which must be introduced at the beginning of the
phasing procedure. However, no one seems to have
used coincidence information to select the correct
phase set from all the sets produced by a multisolution
procedure. This use is supported by the evidence that
the theory described here is able to define in the
symmorphic space groups the s.r.p.p.’s for which

OH,+H, ~ PH,R, +HR, =TT

So, new figures of merit are suggested by this theory
which, together with that described by De Titta,
Edmonds, Lang & Hauptman (1975) and Giacovazzo
(1976), can help to select the correct phase set in the
multisolution procedures.

This work was supported by the Consiglio Nazionale
delle Ricerche (grant No. 75.1066.05.115.4593).

APPENDIX 4

Let the symmetry number of the actual space group
be denoted by m, and { and # are the real and imaginary
parts of the trigonometric structure factor ¢: then

&(h)=¢(h)+ in(h) = 3" exp 2mih(R,x + T,).

In particular
¢{(h)=) cos 2nh(R,x+T,),

1p
n(h)=  sin 2zh(R,x+T,).
1p

With a view to deriving the multivariate standardized
cumulants, the linearization theory (Bertaut, 1959)
will be used. For the sake of simplicity, we consider
here only the reciprocal vectors H;, H,, H; + H,,
H,;R,+H,R, whose statistical weights equal unity.
Special vector covariances, in fact, would require
further, additional, algebraic considerations [see Gia-
covazzo (1974b,c¢) for cumulants of order three] which
would make this paper too dull reading.

As is well known the only non-vanishing moments
in S5 which involve the reciprocal vectors H,, H,, H; =
H, +H,, are
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CCHDIH)HS)),  LHn(H)n(HS)),

A.l

n(Hym(H2)(H3)),  <n(H,){H2)n(H3)). .1
Their estimation leads to the probability function
P(Py, +n,)=[2714(G)] "

x exp [G cos (ou, + Pn, — @u,+m)]- (4.2)

When the H;, H,, H,=H;R,+H,R, vectors are con-
sidered, a larger number of moments must be tested.
For example, if R,=I, R,=R in addition to those in
(A4.1), the moments

CEHDIH)MHL),  <n(H)n(H2)n(Ha)p, 13

(Hp)H)HL),  <CHm(H)IHL)), © )

should not vanish. The mathematical device of linear-
ization theory offers a useful tool for estimating the
moments. For example, the quantity

<CH,)I(H ) (Hy))
= % < i {COS zn[(HlRP + HZRq)x + HlTp + HZTq]

1p,q,n
4—COSon[(filllp—-Ilzl(Jx-+l{11}-—l121}]}
x cos 2n[(H;R,+H,RR,)x+H,T,+H 2RST,.]>,

does not vanish when R,=R,, R,=RR,. Then
CC(HL ) (HL)(H, + H,R)) = % cos 2nH,T,.

In general one obtains the probability function
P(ou,r, +1.R,)= [2n14(G)]~ !

x exp [G cos (§0H1+§0H2_§0H,k,+nqu_41)]a (4.4
where 4=2n(H,T,+ H,T,). (4.4) generalizes (4.2).

APPENDIX B

The expression of S,/t in (2) derives from an approx-
imate estimate of

. 1{4
Sy = ?{__40023000 ot cos* Yy + ..

400000004
4 .4
+ 41 Q4SIn Ya

’120002000
4
+ "2op02000

5157 Ui cos® y sin® Y, +...

A
00020002
+ 0002002

21o1 04 cos” Yy sin® Yy

j'20110000
oo

/102110000
T

100112000
T

9%9394 cos? Y1 oS Y308y
050304 COS” 12 COS 3 COS /g

010304 Sin” Yy €OS Y3 COS Y4
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2 . . .
+ %Ololololzll * 030304 8in* Y, sin Y3 sin Y,

400002011

T

020304 5in2 Y sin 3 sin i,

A .
+ ?0111—1'022?9 030304 8in* Y/ cOS Y3 COS Y4

/12000001 1

T

030304 COS2 1 Sin 5 sin 4

/10200001 1

oo

Q%Qs@4 cos® Yysinzsiniy ;.
(B.1)

The approximation is because in accordance with the
algebraic results described in the Appendices of part I
of this paper, some cumulants in (B.1) assume values
which vary with the space-group symmetry. For-
tunately the modifications introduced by the symmetry
for the monovariate and bivariate standardized cum-
ulants in (B.1) turn into weak perturbations of
oS (@n, +n, — Pu,R, +H,r,)- Lherefore, we will not est-
imate them here. We limit ourselves to showing how
the values of the most important cumulants in S, the
trivariate cumulants, vary with the space-group sym-
metry.

Without loss of generality, let us consider, when
R,=I, R;=R,, the first of the trivariate cumulants
which appear in (B.1). As

j'20110000='/’120110000/('712/4)3

we derive first the expression
M20110000 = <C*(H){(H; + Ho){(H; + HoR))

=:‘;<{ Y. cos 2nH;[(R,+R)x+T,+T,]

1p.q

+cos 2n[H (R, —R,)x +Tp—Tq]}

X { Y cos2n[H;(R,x+R x+T,+T,)
1n,v

+H,(R,x+RR,x+T,+R,T,)]

+cos 2n[H;(R,x—R,x+T,—T,)

+ HZ(Rnx - Rsva + Tn - RsTv)]}>

=(Ly+L,)(L3+L,).
Whereas the products L,L,, L,Li, LL, always

vanish, L,L, is non-zero when
H,[(R,—R)x+T,—T,]=H,[(R,—R,)x+T,—T,],
(R,—RR)x+T,—R,T,=0(mod. 1). (B.2)
The conditions
(@ RR,=R,, R,=R,, R;=R,,
)] R:R,=R,, R,=R,, R,=R,,
satisfy (B.2). As R,T,=T,—T; when R,R,=R,, then
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m
M30110000 = y cos 2nH,T;,

(B.3)

While in the symmetry classes 1,2, m, 222 the trivariate
cumulants equal (1/m)cos2zH,T,, in classes with
higher symmetry that is not always true. In mm2, for
example, in which the rotation components of the
symmetry operations are

1
420110000 = -y 608 27H,T,.

100 100
R;=[010]; R,=|010;
001 001
100 100
R;=[010]; R,=0T1 0,
001 001
the standardized trivariate cumulants equal

cos 2nH,T,/m when s=4; 2 cos 2rH,T,/m when s=
2,3. The additional contribution in the cases s=2,3
derives from the combinations

(1) R,=R;, R,=R;, R,=R;, R,=R,,
(2 R,=R;, R,=R,, R,=R,;, R,=Rs;,
(3) R,=R,, R,=R;, R,=R;, R,=R,,
4 R,=R,, R,=R;, R,=R,, R,=R;.

APPENDIX C

Let

R1=RH19 R2=RH29 R3=RH3’ R4=RH1RP+H2R.,’

(pl = (pﬂl s
If the exponential form of the characteristic function
is used,

=OQu,R, +H:R, -

R;...R
P(RI’RZ’R3’R47¢1’ ,(P4 (127'C 4

J J J J 01020304d0;...dQs

xexp {—i[e1R; cos (Y1 —¢@1)+...

+04R4 cOs (s — @a)] =301 + .. +03)
i

- 4_]/_N [e10203 cos (Y1 +¥,—¥3)

+010204 €OS (Y1 + Y5 — Y —4)]
1

+ TgN 1esealel +03)

xcos (Y3 —Ya—A)}dy,...dY,. (C.1)

In view of (3d) none of the ¥ integrations presents any
difficulty. In fact, in order to carry out the ; integra-
tion, one collects the terms involving ¥; in the
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exponent of (C. 1) and obtains an expression of the type

Yicos (&;—y),

where Y; and &; are independent of ;. The integra-
tion is then easily done by means of (3a) and (3b).

Some remarks should be made concerning the g,
and g, integrations. If the y; and y, integrations have
already been carried out, one needs to calculate ex-
pressions of type

o;exp| —40?— 07R3R, cOs (@3 — @4 —4)
J\0 Jj |: a¥j 4N 3474 37¢a

x2nJ o(QjAj):| de;, (C.2)

where A; is a factor independent of g; The direct
integration of (C.2) is feasible but leads to a compli-
cated expression of the probability density function.
We prefer to introduce into (C.2) the Taylor expansion

eXp [_ %\I_ Q;R3R 4 cos (@3 —(P4"A)]

~1_._

?R3R, cos (p3—pa—4). (C.3)

In view of (C. 3), (C.2) then becomes

4nexp(—A})[ i RsRu(1— R})cos(<p3—<p4—A>],

which, by means of (C.3), may be written

47rexp|:—A}— 4—YNR3R4(1 —R%)cos (3 —qu—A)].

This procedure leads to the probability density func-
tion (30).
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